Abstract-It is well known that if a finite duration, N-point sequence x(n) possesses certain symmetries, the computation of its discrete Fourier transform (DFT) can be obtained from an FFT of size N/2 or smaller. This is accomplished by first preprocessing the sequence, taking the FFT of the processed sequence, and then postprocessing the results to give the desired transform. In this paper we show how a similar approach can be used for sequences which are known to have only odd harmonics. The approach is shown to be essentially the dual of the known method for time symmetry. Computer programs are included for implementing the special procedures discussed in this paper.
denote such a routine as a (real) FFT.)
In many cases either x (n) or X(k) possesses certain desirable properties which can be exploited to reduce the amount of computation to obtain the desired DFT. The most notable of these properties are the time symmetries. A symmetric sequence is defined as one for which x(n)=x(N-n), n=l,2,",N/2-1 and an antisymmetric sequence is defined as one for which x(n)-x(N-n), n=l,2,"-,N/2-l. (4) Cooley et al. [4] have shown that if the sequence is either symmetric, or antisymmetric, a simple procedure can be used to reduce the computation of the DFT to that for an N/4 point (complex input) FFT with preprocessing and postprocessing. The algorithm works as follows (assuming x(n) is a symmetric, real sequence). We express the N-point DFT as a(n) = x(2n) c(n)=x(2n+1)-x(2n-1) 
We next preprocess x(n) to give the N/2-point real sequence y(n), defined as y(n) = x(2n) ÷ [x(2n + 1) -x(2n -1)], n = 0, 1, --,N/2 -1
'a(n)+c(n) (9b) (3) where and all indices are interpreted modulo N. It is readily seen that the sequence a(n) is itself a symmetric, real sequence; hence its DFT is purely real (and, of course, even). The se.
quence c(n) is an antisymmetric, real sequence; hence its DFT is purely imaginary (and odd). Thus, if we take the N/2-point (real input) FFT ofy(n) The first term in (11) is A(k), the N/2-point DFT of the even components of x(n) (defined for 0kN/2 -1). The second term in (11) can readily be shown to be of the form
Thus, Y(k) of(1 1) can be written as
Using the properties of A(k) and B(k), we get
, k= 1,2," ,N/2-1.
sin ( k)
For k = 0 and k =N/2,B(k) is not defined from (16b); instead these values are obtained directly as
x(2n+l) n odd B(N/2) = -B(0). Thus, from the N/2-point real FFT of y(n), the N-point real FFT of x(n) can be recovered using (8), (16), and (17). In addition, x(n) need only be specified for 0 'n <N/2. A summary of the procedure for obtaining X(k) is as follows. -x(2n-1)), n=1,2,",N/4-1
3) Take the N/2-point real Y(k),0kN/2-1.
FFT of y(n); call this result
An implementation of this procedure is given in Appendix I. A similar procedure is used when the sequence x(n) is odd.
(14) The sequence y(n) of (9) is again formed; however, a(n) is now an odd, real sequence, and c(n) is an even, real sequence. Appropriate modifications are made in the procedure to reflect these differences. An implementation of this procedure (15) is given in Appendix II.
(16a)
In the special case where x(n) is a real sequence that is 1l6b known to have a DFT for which only the odd harmonics are ' present, i.e., X(k)0, keven, (18) we can also take advantage of this special symmetry by using a frequency domain approach. In this case, we first form the inverse DFT of X(k), giving 
For sequences with only odd harmonics, (18) shows that 
The first term in (25) is readily seen to be 2b(n) (which is
, identically 0 for this case since X(2k) = 0 for all k). The sec-
ond term in (25) can be written as
Therefore,
A computer program that implements this procedure is given in Appendix III.
III. SEQUENCES WITH BOTH TIME SYMMETRY AND (27) HAVING ONLY ODD HARMONICS
The sequence x(n) can simultaneously possess special properties in both the time domain (i.e., time symmetry) and the frequency domain (i.e., odd harmonics only). For such sequences, one can essentially apply the algorithms discussed in Sections 1 and II in sequence. The simplest procedure is to 8 use one algorithm first, and at the place where the FF1 is 2 a1 called, simply insert the call for the second algorithm with appropriate code to account for the format in which the transform is returned. However, as in most cases, such a simple (28b) approach is not generally as efficient as it can be made, since the additional properties of the sequence can be exploited to reduce computation and/or memory. By way of example, consider a sequence which is symmetric (29) in time and which is known to contain only odd harmonics.
We again denote this sequence as x(n), defined for 0 n N -1. It is readily shown that x (n) satisfies the relations
in addition to the usual symmetric sequence (3) and odd (30a) harmonic sequence (18), (29) relations. Thus, one need specify x(n) for 0 n N/4 -1 to uniquely define this Se-
quence. As such, simply imbedding, for example, the odd harmonic subroutine within the symmetric sequence subroutine yields an inefficient algorithm. For maximum efficiency, we first preprocess x(n) to form the N/2-point sequence y(n) as
with initial and fmal values
(32d) The sequence y(n) represents the first N/4 points of an odd harmonic N/2-point sequence. Thus, we can use the procedure of Appendix III directly on y(n) to give the N/2-point complex odd harmonic sequence Y(k). The desired DFT X(k) is obtained from Y(k) via the relation
The reader is reminded that X(k) is 0 for k even, and X(k) is purely real because x(n) is symmetric. An implementation of this procedure is given in Appendix IV.
Next we consider an N-point sequence which is antisymmetric in time and which is known to contain only odd harmonics. Denoting this sequence as x(n), it can be shown that x (n) satisfies the relations
in addition to the antisymmetric sequence (4) and odd harmonic sequence (18), (29) relations, Thus, x(n) need only be specified for 0 n N/4 to uniquely define this sequence.
For maximum efficiency in obtaining the DFT of antisymmetric, odd harmonic sequences, we combine the procedure for antisymmetric sequences with the one for odd harmonic sequences. We first form the sequence y(n) as (36b) The reader is reminded that X(k) is 0 for k even, and X(k) is purely imaginary because x(n) is antisymmetric. An implementation of this procedure is given in Appendix V. where fIN represents the time for preprocessing and postprocessing the sequences. For most practical cases, j3N<< a(N/4) log2 (N/4), and thus the savings in computation using the efficient algorithms is on the order of 2 to 1.
A test was run to measure the actual time required to run the subroutines of Appendixes I-V for a fixed size sequence.
Using the real FFT subroutine FAST [6] , [7] , a 1024 FFT along with a set of subroutines which perform this basic computation.
APPENDIX I
The program given in this Appendix takes the real N-point symmetric sequence x(n) and returns the (N/2 + 1) real points of its DFT. On input only the first (N/2 + 1) points are supplied to the routine; on output the first (N/2 + 1) real values of X(k), the DFT of x(n), are returned.
The FFT subroutine used in this and subsequent routines in Appendixes Il-V is the routine FAST described originally by Bergland [6] , and modified by Bergland and Dolan [7] For the direct transform [i.e., (1)], the input is an N-point real sequence, and the first (N/2 + 1) complex values of its transform are stored in the original array with the real part of each DFT point preceding the imaginary part, i.e., Re [X(O)] is followed by Tm [X(O)], which is followed by Re [X(l)], which is followed by Im [X(1)], etc. The last (N/2 -1) complex values of the transform are not returned, as they can be obtained via the DFT symmetry relations for real sequences, i.e., X(N_k)=X*(k), k=1,2,---.
For the inverse transform (the subroutine FSST), the input X(k) is assumed to be in the format returned by FAST. The reader should note that for an N-point FFT, a total of (N + 2) storage locations are required [7] .
The calling sequence for the subroutine is T -XII)
The program given in this Appendix requires as input the first (N/2) points of the real, odd harmonic N.point sequence x(n), and returns the (N/4) complex values of the odd harmonics of X(k), the N-point DFT of x(n). The output format is the real part of each DFT point, followed by its imaginary part. 
